Section 3-4  Present Value of an Annuity; Amortization
The present value of an annuity is the present value of all of the future payments based on the specified nominal interest rate.

Present value can be thought of in two different ways. First, it is the amount of money that someone would be willing to pay in order to receive the future payments of the annuity. This is the basis of a loan. In effect, the borrower is paid the present value of the annuity and agrees to repay the loan by remitting to the lender the specified future payments.

You can also think of the present value of an annuity as the amount of money, which invested as a lump sum at the beginning of the term, would have the same future value as the annuity under the same conditions (i.e., the same nominal rate, the same compounding frequency, and the same number of years).

If the payment periods coincide with the interest periods then we have the following formulas:
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Example 1: Find the Present Value of an Ordinary Annuity
How much could you afford to borrow if you could pay back $1000 at the end of each year at 5% compounded annually for 4 years? What is the total interest you would pay?
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N=4
I%=5
PV=3545.950504
PMT=-1000
FV=0
C/Y=1

	Period
	Initial Balance
	Interest
	Payment
	Final Balance

	0
	
	
	
	3545.95

	1
	3545.95
	177.30
	1000.00
	2723.25

	2
	2723.25
	136.16
	1000.00
	1859.41

	3
	1859.41
	92.97
	1000.00
	952.38

	4
	952.38
	47.62
	1000.00
	0.00


Notice that the sum of the periodic interest payments is $454.05

Example 2: Find the Present Value of an Ordinary Annuity
a) A person invests $100 at the end of each month for 40 years into an account paying 5% compounded monthly. What is the present value? What is the future value? How much interest will this annuity earn?
N=480

I%=5
PV=20738.43
PMT=-100
FV=0


C/Y=12

N=480

I%=5
PV=0

PMT=-100
FV=152,602.02
C/Y=12
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b) Suppose the present value of this annuity was invested for 40 years in an account paying 5% compounded monthly. What is the future value of this investment? What is the total interest that this investment would earn?

N=480

I%=5
PV=-20738.43

PMT=0

FV=152,602.02
C/Y=12
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c) Suppose you borrowed the present value of this annuity and repaid it at the rate of $100 a month for 40 years. How much interest would you pay?
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Example 3: Find the Size of a Loan Payment

What would be the monthly payments on a 30-year mortgage of $300,000 at 8% compounded monthly? How much interest would I pay?
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N=360

I%=8
PV=300000
PMT=-2201.29

FV=0
C/Y=12
Example 4: Find the Nominal Rate

What nominal annual interest rate would I be paying on a 5-year $10,000 loan if I paid back $600 at the end of every quarter? How much interest would I pay?

N=20
I%=7.211833515
PV=10000
PMT=-600
FV=0
C/Y=4
The nominal rate is 7.212% compounded quarterly.
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Example 5: Find the Time

How long would it take to repay a loan of $15,000 at 4% compounded monthly if you make monthly payments of $100?

N=208.2905355
I%=4
PV=15000
PMT=-100
FV=0
C/Y=12

It would take 209 months or 17 years and 5 months.

Example 6: Adjustable Rate Mortgage (ARM)

A homeowner agrees to a 30-year adjustable rate mortgage of $250,000 at 6% compounded monthly for the first three years and 8% compounded monthly for the remaining 27 years. Find the monthly payment for the first three years. Find the monthly payment for the remaining 27 years. Find the total interest paid.

A) Monthly payment for first 3 years:

N=360

I%=6
PV=250000
PMT=-1498.88

FV=0
C/Y=12

The monthly payment for the first 3 years is $1,498.88.

B) Balance due at the end of first 3 years:

N=36
I%=6
PV=250000
PMT=-1498.88

FV=-240210.18
C/Y=12

The balance due after the first 3 years is $240,210.03.

C) Interest paid over first 3 years:
The interest paid is the sum of the payments minus the amount that went to reduce the balance. The sum of the payments is 36 * 1498.88 = $53,959.68. The balance was reduced by 250000 – 240210.18 = $9,789.82.

Interest = payments – balance reduction = $53,959.68 - $9,789.82 = $44,169.86

D) Monthly payment for last 27 years:
N=324

I%=8
PV=240210.03

PMT=-1811.86

FV=0
C/Y=12

The monthly payment for the last 27 years is $1,811.86.

E) Interest paid over the last 27 years:


[image: image11.wmf]46

.

832

,

346

$

18

.

240210

86

.

1811

324

=

-

*

=

-

*

=

PV

PMT

n

I


F) Interest paid over the entire 30 years:
First 3 years + Last 27 years = $44,169.86 + $346,832.46 = $391,002.32

Remember that all of these results are just good estimates because they do not take into account that periodic interest is rounded to the nearest penny.
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