Section 4-3  Gauss-Jordan Elimination
Example 1: A corporation wants to lease a fleet of 12 airplanes with a combined carrying capacity of 220 passengers. The three available types of planes carry 10, 15, and 20 passengers respectively. How many of each type of plane should be leased?
	Plane Size
	#

	10-Pass.
	x1


	15-Pass.
	x2

	20-Pass.

	x3


	
	
	10-Pass
15-Pass.
20-Pass.
Constraint

Count
x1

+

x2
+

x3
= 12
Capacity
10x1
+

15x2
+

20x3
= 220
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  x1     -  x3 = -8 ( x1 = x3 – 8   ( x3 ≥  8 (since x1 ≥ 0)
      x2 + 2x3 = 20 ( x2 = 20 – 2x3 ( x3 ≤ 10 (since x2 ≥ 0)

Consequently, x3 is between 8 and 10 inclusive leading to these three solutions:

	Solution
	10-Passenger Planes
	15-Passenger Planes
	20-Passenger Planes

	1
	0
	4
	8

	2
	1
	2
	9

	3
	2
	0
	10


[image: image7.emf]Graphical Interpretation
A linear equation in three variables defines a plane in three-dimensional space. The points in the red plane satisfy the count constraint. The points in the blue plane satisfy the capacity constraint. These two planes intersect along the black line. All of the points on this line satisfy both three-dimensional linear equations at the same time. Only the three points with integer coordinates represent solutions to our problem. The upper point is the first solution at (0, 4, 8), the middle point is the second solution at (1, 2, 9), and the bottom point is the third solution at (2, 0, 10).

Example 2: In a Laboratory experiment, rats are to be fed 5 packets of food containing a total of 80 units of vitamin E. There are four different brands of food packets that can be used. A packet of Brand A contains 5 units of vitamin E, a packet of brand B contains 10 units of vitamin E, a packet of brand C contains 15 units of vitamin E and a packet of brand D contains 20 units of vitamin E. How many packets of each brand should be mixed and fed to the rats.

	Brand
	Packets

	A
	x1


	B
	x2

	C

	x3

	D

	x4


	
	
	A
B
C
D
Constraint

Count
x1

+

x2
+

x3
+

x4
= 5
Units of Vit. E
5x1
+

10x2
+

15x3
+

20x4
=80
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x1     -  x3 - 2x4 = -6 ( x1 = x3 + 2x4 -6    ≥ 0
    x2 + 2x3 + 3x4 = 11 ( x2 = 11 – 2x3 – 3x4 ≥ 0
Try x4 = 0

The first inequality becomes x3 – 6 ≥ 0 which implies x3 ≥ 6 which is impossible since the total number of packets is only 5. There is no solution where x4 = 0.

Try x4 = 1
The two inequalities become:

x3 – 4 ≥ 0  ( x3 ≥ 4

8 – 2x3 ≥ 0 ( x3 ≤ 4
This indicates that x3 can only be 4 in which case x1 is 0 and x2 is also 0.
Try x4 = 2
The two inequalities become:

x3 – 2 ≥ 0  ( x3 ≥ 2

5 – 2x3 ≥ 0 ( x3 ≤ 2.5
This indicates that x3 can only be 2 in which case x1 is 0 and x2 is 1.

Try x4 = 3
The two inequalities become:

x3 ≥ 0

2 – 2x3 ≥ 0 ( x3 ≤ 1
This means that x3 could be either 0 or 1. If x3 is 0 then x1 is 0 and x2 is 2. If x3 is 1 then x1 is 1 and x2 is 0.

Try x4 = 4
The second inequality becomes -1 – 2x3 ≥ 0 which is impossible since x3 ≥ 0. It is clear from the second inequality that any larger values for x4 leads to a similar impossible result so there are no additional solutions.

Here are the four solutions:

	Solution
	Packets of Brand A
	Packets of Brand B
	Packets of Brand C
	Packets of Brand D

	1
	0
	0
	4
	1

	2
	0
	1
	2
	2

	3
	0
	2
	0
	3

	4
	1
	0
	1
	3


Example 3: The population of California was approximately 24 million in 1980, 30 million in 1990, and 34 million in 2000. Model this data using a quadratic equation and then use your model to estimate the population in 2050.

Let p represent the population in millions and let t represent the number of years since 1980. We are given these three data points:

	t
	0
	10
	20

	p
	24
	30
	34


These data points satisfy the following quadratic equation given suitable values for a, b, and c:

     p = at2 + bt + c

or

     t2a + tb + c = p

Substituting the three data points into the second equation gives us these results:

             c = 24

100a + 10b + c = 30

400a + 20b + c = 34
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From the reduced row echelon form we see that a = -0.01, b = 0.7, and c = 24. The quadratic model for the population of California is given by:

p = -0.01t2 + 0.7t + 24
For 2050, t is 70 and the corresponding value of p is 24 (million). Here is a graph of our mathematical model:

[image: image4.png]Millions

40
35
30
25
20
15
10

Population of California

10 20 30 40 50

Yearssince 1980

60

70





The decision to let t represent the number of years since 1980 is somewhat arbitrary. Suppose we want t to represent the year. We are given these three data points:

	t
	1980
	1990
	2000

	p
	24
	30
	34


These data points satisfy the following quadratic equation given suitable values for a, b, and c:

     p = at2 + bt + c

or

     t2a + tb + c = p

Substituting the three data points into the second equation gives us these results:

3920400a + 1980b + c = 24

3960100a + 1990b + c = 30

4000000a + 2000b + c = 34
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From the reduced row echelon form we see that a = -0.01, b = 40.3, and c = -40566. The quadratic model for the population of California is given by:

p = -0.01t2 + 40.3t - 40566
For 2050, t is 2050 and the corresponding value of p is 24 (million). Notice that this new model (with a different interpretation of t) gives us the exact same result. Here is a graph of our mathematical model:
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