Section 6-3  Simplex Method (Minimization)
Example 2
A feed company stores grain in elevators located in Ames, Iowa, and Bedford, Indiana. Each month the grain is shipped to processing plants in Colombia, Missouri, and Dansville, Illinois. The monthly supply (in tons) of grain at each elevator, the monthly demand (in tons) at each processing plant, and the cost (per ton) for transporting the grain are given in the table below. Determine a shipping schedule that will minimize the cost of transporting the grain. What is the minimum cost?
	
	Shipping Cost ($ per ton)
	Supply (tons)

	
	Columbia
	Danville
	

	Ames
	22
	38
	700

	Bedford
	46
	24
	500

	Demand (tons)
	400
	600
	


	Ship
	Tons

	A to C
	x1


	A to D
	x2

	B to C

	x3

	B to D

	x4


	
	
	A - C
A - D
B - C
B - D
Constraint

A Supply
-x1

+

-x2
≥ -700
B Supply
-x3
+

-x4
≥ -500
C Demand
x1
+

x3
≥ 400
D Demand

x2
+
x4
≥ 600
Cost

22x1
+
38x2
+
46x3
+
24x4
Minimize



Find the Dual Problem

Set up the matrix representation of the minimization problem:
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Find the transpose of A:
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Form the dual problem:
-y1      + y3       ≤ 22

-y1            + y4 ≤ 38

     -y2 +  y3      ≤ 46

     -y2       + y4 ≤ 24

y1, y2, y3, y4 ≥ 0

Maximize P = -700y1 - 500y2 + 400y3 + 600y4
Introduce slack variables x1, x2, x3, and x4 into this dual problem:
  -y1            + y3         + x1                    = 22

  -y1                   + y4       + x2               = 38

          -y2   +  y3                   + x3          = 46

          -y2           + y4                 + x4     = 24

700y1 + 500y2 - 400y3 - 600y4                     + P =  0 

y1, y2, y3, y4, x1, x2, x3, x4  ≥ 0

Solve the Dual Problem

Solve the dual problem using the Simplex method.
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Find the entering variable and the exiting variable. Notice that the pivot value is already 1.
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yielding these results where y4 has entered the set of basic variables:
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In the next iteration, y3 is the entering variable and x1 is the exiting variable. As before, the pivot value is already 1.
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Perform row operations to set the remaining values in the pivot column to zero:
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yielding these results where y3 has entered the set of basic variables:
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In the next iteration, y2 is the entering variable and x2 is the exiting variable. Again, the pivot value is already 1.
[image: image14.emf]y

1

y

2

y

3

y

4

x

1

x

2

x

3

x

4

P Quotient

y

3

-1 0 1 0 1 0 0 0 0 22 Skip

x

2

-1 1 0 0 0 1 0 -1 0 14 14

x

3

1 -1 0 0 -1 0 1 0 0 24 Skip

y

4

0 -1 0 1 0 0 0 1 0 24 Skip

P 300 -100 0 0 400 0 0 600 1 23200


Perform row operations to set the remaining values in the pivot column to zero:
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yielding these results where y2 has entered the set of basic variables:
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Since there are no negative values in the bottom row, we are done. We should ship 400 tons from Ames to the Columbia plant (x1 = 400), 100 tons from Ames to the Danville plant (x2 = 100), and 500 tons from Bedford to the Danville plant (x4 = 500). The Bedford storage facility doesn't need to send any grain to the Columbia plant (x3 = 0). The total cost will be $24,600 which represents the minimum cost under the given constraints.
Graphical Interpretation

As we have repeatedly noted, the simplex algorithm is an algebraic technique that does not require us to graph the system of equations. That’s good because, in this case, we would have to come up with a 4-dimensional graph because we have 4 variables. Clearly we can’t do that. So, for this problem, we will not have a graphical interpretation.
